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Abstract 

We give a generalization of a theorem of Bocher for the Laplace equation to a class 
of conformally invariant fully nonlinear degenerate elliptic equations. We also prove 
a Harnack inequality for locally Lipschitz viscosity solutions and a classification of 
continuous radially symmetric viscosity solutions. 

1 Introduction 

The Yamabe problem has been solved through the work of Yamabe iBTTl . Trudinger [|44l. 
Aubin [HI and Schoen [HTI : On every compact smooth Riemannian manifold (M n ,g) of di- 
mension n > 3, there exist constant scalar curvature metrics which are pointwise conformal 
to g. Under the assumption that the scalar curvature R g is positive, consider the Yamabe 
equation 

fl — 2 n+2 

— A s u + — —R s u = u"^ 1 u > 0, on M, (1) 

g 4(n-l) s 

where A g is the Laplace-Beltrami operator associated with g and R g is the scalar curvature. 
In 11421 . Schoen proved that if (M,g) is locally conformally flat and is not conformally 
diffeomorphic to standard spheres then 

\\ u \\lt(m) <C(M,g) for any solution of (CQ) . (2) 

The same conclusion has been proved to hold in dimensions n < 7 for (M n ,g) which are 
not locally conformally flat, see Li and Zhang [|37l and Marques [|40| . For n = 3,4, 5, see 
works of Druet [fT51 [T6l , Li and Zhu [|39l and Li and Zhang [1361 . For 8 < n < 24, it has been 
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proved that estimate © holds under the assumption that the Positive Mass Theorem holds 
in these dimensions; see Li and Zhang ll37l l38l for 8 < n < 11, and Khuri, Marques and 
Schoen ll28l for 12 < n < 24. On the other hand, there exist counterexamples to estimate 
d2]) in dimension n > 25; see Brendle (3l for n > 52, and Brendle and Marques [@] for 
25 < n < 50. 

The following fully nonlinear version of the Yamabe problem has received much atten- 
tion in recent years. On a Riemannian manifold (M,g) of dimension n > 3, consider the 
Schouten tensor 

where Ric g denotes the Ricci curvature. Let A (A g ) = (Ai , • ■ ■ , A„) denote the eigenvalues 
of A g with respect to g, and let 

r C 1" be an open convex symmetric cone with vertex at the origin, (3) 

11 

{a G R n \Xi > 0,1 < i<n\ C rc |A G M n | £ A,- > oj, (4) 

/ G C°°(r) n C°(r) be concave, homogeneous of degree one, symmetric in A,-, (5) 
/ > in T, / = on dF; f k > in T VI < i < n. (6) 

Question 1.1 Let (/, T) satisfy (0)-©, an<i /ef (M,g) be a compact, smooth Riemannian 
manifold of dimension n>3 satisfying A (A g ) G T on M. /5 ?/zere a smooth positive function 

4 

u on M such that g — w^-g satisfies 

f(X(A § )) = l, A (A|) G r, onM? (7) 
A closely related question is 

Question 1.2 Under the hypotheses of Ouestion \l.l\ and assuming that (M,g) is not con- 
formally equivalent to standard spheres, do all smooth positive solutions of&j) satisfy 

\\ u \\c 3 (M) + \\ u l \\c 3 (M) < C i 

for some constant C depending only on (M, g) and (/, T) ? 

Equation © is a second order fully nonlinear elliptic equation of u. For 1 < k < n, let 
Cfc(A) = Ei<( 1 <...< ! - j( .< n A ! - 1 ■■■Xi k ,X = (Ai,--- ,A„) G M n , denote the k-ih. elementary sym- 
metric function, and let r\ denote the connected component of {A G W l \Ok{X) > 0} con- 
taining the positive cone {A G M"|Ai, ■ • • , X n > 0}. Then (f,T) = (a^ k ,T k ) satisfies ©- 
©. The special case of Question II .11 for = (<7i,ri) is the Yamabe problem in the 

so-called positive case. 
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Fully nonlinear elliptic equations involving f(X(V 2 u)) have been investigated in the 
classic paper of Caffarelli, Nirenberg and Spruck [f7]. Fully nonlinear elliptic equations 
involving the Schouten tensor and applications to geometry and topology have been studied 
extensively in and after the pioneering works of Viaclovsky Il47ll48ll49l and Chang, Gursky 
and Yang E EE HH D3- Equation © for (f,T) = (al /k ,T k ) was first introduced and 
studied in H71 . An affirmative answer to both Question II .H and Question 1 1.21 for (f,T) = 

1 /2 

(o~ 2 ,T2) in dimension n = 4 was given in ifTOll . Extensions, as well as developments of 
new methods, have been made by Ge and Wang, Guan and Wang, Gursky and Viaclovsky, 
Li and Li, Sheng, Trudinger and Wang, Trudinger and Wang, among others. Regarding the 
questions, the state of the art is, roughly speaking, as follows: 

(i) An affirmative answer to both Ouestion ll.ll and Question II .2[ if (/, Y) satisfies ©-© 
and (M",g) is locally conformally flat, see lE2ll29ll30l. 

i 

(ii) An affirmative answer to both Question [TTI and Question [L2l if (/, T) = (o£ , r\) for 

k> f, see MIM MM M, 

i 

(iii) An affirmative answer Question [TTTl if (f,F) = (a^,^), see Ifl7ll43l . 

i 

The problem is in general not a variational one, even in the case (/, T) = (o£,Fk), 

i 

3 < k < n. Natural variants of equation © for (/, T) = (o^ ,r\), which are of variational 
form, have been introduced by Chang and Fang fl8]; see also a subsequent paper of Graham 
ETI on the algebraic structure of these equations under conformal transformations. 

Rescaling a blow-up sequence of solutions of ©, or of the above mentioned variants 
of ©, leads to either 

f(X(A u )) = l, u>0, (8) 

or 

l(A u )edr, w >o, (9) 

on open subsets of R", where X (A") denotes the eigenvalues of the matrix A" with entries 



L _n+2 2n _ 2« 1 _ 2n 2c 

(A ) ij -=-- — —u "^VijU + ji — 2)2« ( n -2)- l U ' j ' 



Issues on compactness of solutions are of crucial importance to the study of fT]) and its 
variants. Thus it is very important to study properties of solutions of equations d8]) and ©. 
There have been many works on such properties, which include Liouville-type theorems 
for solutions of dH) and © in R n , Harnack-type inequalities, axisymmetry of solutions of 
® and © on R n \ {0}, behavior of solutions of © near isolated singularities; see e.g. 
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nnilIl[Il[IHl[I3l23IM^|23ISaiIDEllSliSllSD. Some of these basic properties 
have played important roles in the above mentioned works on Questions 11.11 and ll.2l 

The main focus of the present paper concerns solutions of © with isolated singularies. 
When r = T\ , © is Au = 0. A classical theorem of Bocher [|2) asserts that any positive 
harmonic function in the punctured ball Bi \ {0} C M' 1 can be expressed as the sum of a 
multiple of the fundamental solution of the Laplace equation and a harmonic function in 
the whole unit ball B\. This can be viewed as a statement on the asymptotic behavior of a 
harmonic function near its isolated singularities. Our goal is to establish a generalization 
of this result for ©. 

In the case of the non-degenerate equation © with (f,T) = (o^ , r\), local behavior 
at an isolated singularity is fairly well-understood: It was proved by Caffarelli, Gidas and 
Spruck [5] for k = 1 and by Han, Li and Teixeira |[2~7l for 2 < k < n that u(x) = w* ( \x\ ) ( 1 + 
where u* is some radial solution of © on R n \ {0} and a is some positive number. 
This statement is complemented by the classification of radial solutions of © by Chang, 
Han and Yang [fT3l . For ® with Y satisfying © and ©, it was proved by the first author in 
ll33l that a locally Lipschitz viscosity solution in R n \ {0} must be radially symmetric about 
{0}. We also note that Gonzalez showed in [|20l that isolated singularities of C 3 solutions 
of © with finite volume are bounded, among other statements. See also [fT9l for related 
work in the subcritical case. 

As mentioned above, solutions of © arise as (rescaled) limits of blow-up sequence of 
solutions of ©, along which one may lose uniform ellipticity. For this reason, a natural 
starting regularity assumption for u is C > when / is concave and C 0,1 if / is not concave. 
We adopt the following definition for less regular solutions of ©. For C 1", we use 
LSC(Q.) and USC(Cl) to denote respectively the set of lower and upper semi-continuous 
(real valued) functions on Q.. 

Definition 1.3 Let Q. be an open subset of W 1 , F satisfy © and dU), and u be a positive 
function in LSC(£i) (USC(£l) ). We say that 

A(A")ef (A(A")ei"\r) 

in Q. in the viscosity sense if for any xq e £1, <p G C 2 (£l), (u — <p) (xq) = and 

u — <p>0 (u — <p < 0) near xq, 

there holds 

A(A?(*o))Gr (X(A < P(x ))eR n \T). 

We say that a positive continuous function u satisfies A (A") G dT in Q in the viscosity 
sense ifX (A") belongs to both f and W 1 \ f in the viscosity sense thereof. 
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It is well known that if a C 2 function satisfies the above differential relations in the 
viscosity sense then it satisfies them in the classical sense. 
In our discussion, the constant /ijt defined by 

jUjt £ [0,n — 1] is the unique number such that (— /ijt, 1, ... 1) £ <9r (10) 

plays an important role. Note that /ijt is well-defined thanks to © and ©. For T = r\, we 



have /ijt = f° r 1 < k < n. In particular, 

Mr > 1 if fc< f , 
Mr t=l if*=f, 
jUp < 1 if k > §. 

For simplicity, in most of this introduction, we restrict ourselves to the case where 

(i,o,. ..,o) ear. (ii) 

We note that when (ITTb holds, the range for /ijt is [0, n — 2]. 

Clearly, the cone for 2 < k < n satisfies (fTTT) . See Theorems ll.101 [2T21 and 14 . 6 1 for the 
case where (QT) does not hold. Note that, by ©, ( 1 , 0, . . . , 0) £ T, and by © and ©, (fTTT) 
is equivalent to 

(Ai,-1,...,-1) £M n \rforall Ai £M. (12) 

In 113511 . it was shown that, under (fTD) . the strong maximum principle and the Hopf lemma 
fail for a large class of nonlinear degenerate elliptic equations including ©. Conversely, if 
(fTTT) does not hold, then the strong maximum principle and the Hopf lemma hold. 

Our first two main theorems (which cover the case T = Ti c for 2 < k < |) are as follows. 

Theorem 1.4 Assume that T satisfies ©, ©, (QJ]), and /ijt > 1. Let u £ cf ' c \ {0}) be 
a positive viscosity solution of © in B\ \ {0}. Then 

k(jc)"*=2" =a^^ [jcj ^ +1 +w(jc), 

a = inf \x\ n ~ 2 u(x) > 0, 
-vesi\{0}' 

anJ w is a non-negative function in L™ oc (Bi). Moreover, 

either w = inBi \ {0} and u(x) = a \x\^ n ' 2) > in Bi \ {0}, (13) 
or < minvv < w < max w inB r \{0} V0<r< 1. (14) 

Finally, ifa = then u can be extended to a positive function in C^(B\) and 



Mlc°J»(i» 1/2 ) ^ C ( r '^) supw V/3 £ (0,1 



S l/2 
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Theorem 1.5 Assume that T satisfies ©, ©, CCD, and /ijt = 1. Let u G C^ c (B\ \ {0}) be 
a positive viscosity solution of © in B\ \ {0}. Then 

lnw(jc) = —a In |x| + w(x), 

where a G [0,n — 2] and vv G L^ c (i?i) satisfying 

minvv < vv < maxvv in B r \ {0} V0<r<l. (15) 

If a = n — 2, then w is constant, i.e. u(x) = t-^j for some positive constant C. Ifa = 0, then 

\x\ 

u can be extended to a positive function in C°'^(5i) and ||w||c0J3(flj 2 ) — C(r,j3) sup Bi/0 u 
for all j8 G (0,1). 

When < /ijt < 1, which is the case for T = T/ C with k > |, there have been works 
in the literature. In this case, T is closely related to the so-called -convex cone Eg for 
some < < (see Appendix |B] for a definition). For such T, Gursky and Viaclovsky 
E4l showed that classical solutions of © in a punctured ball either extends to a Holder 
continuous function oris pinched between two multiples of |jc| 2- ". For T = with j<k< 
n, Li showed in OTI that bounded classical solutions in a punctured ball extends to a Holder 
continuous function in the ball, and Trudinger and Wang showed in [1451 that solutions of 
X(A") G f in B\ in some appropriate weak sense must be either Holder continuous or is 
a multiple of \x — *o| 2 ~" f° r some xq. Using a result of Caffarelli, Li and Nirenberg [0 
Theorem 1.1] (see also Proposition 14. II ). we prove: 

Theorem 1.6 Assume that T satisfies ©, ©, CD} and < /ift < 1. Let u G LSC(B\ \ 
{0}) flL^ c (5i \ {0}) be a positive viscosity solution of X(A U ) G f in B\ \ {0}. Then either 

u = r£=2 for some C > 0, or u can be extended to a positive function in cj^! ^ r (B\). 
Moreover, in the latter case, there holds 

ll"^1Ui-rtt fn <C(r) supufe. (16) 

The Holder exponent obtained in Theorem [L6] is optimal (see Theorem 12. 21 ) . If T does 
not satisfy ([111) . the rigidity assertion about singular solutions of Q in Theorem ll.6l is false. 
For example, for T = Eg with < < — j^, the function 

u(x) = u(\x\)=(\x\-^^-l)^ 
is a positive radially symmetric solution of © in i?i \ {0}, which is not a multiple of |jc| 2 ~". 
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For Tic, k > j, if u is a weak solution of A (A") G r\ in 5i in the sense of ll45l . then w 
is a viscosity solution of A (A") G f\ in On the other hand, it is unclear to us that the 
converse is true. 

One of the tools needed in our proof of the Bocher-type theorems is the following 
Harnack inequality for C 0,1 viscosity solutions of © which is of independent interest. 

Theorem 1.7 Assume thatY satisfies © and ©. Let u G C Q,l (B\) be a positive viscosity 
solution ofX (A") G dT inB\. Then, for every < £ < 1, there exists a constant C = C(T, e) 
such that 

|Vlnw| < C a.e. in B\ £ . 

Consequently, 

sup u < e c inf u. 

Bi-e Bl - £ 

We note that an analogue of Theorem [L7l for the equation 

/(A(A")) = vr, A (A") G T inB l 

where i// is a smooth positive function in B\ was proved by the first author in [33]. For 
= (txV^rfc) and smooth i/a > 0, gradient estimates for C 3 solutions were obtained 
by Gursky and Viaclovsky ll24l based on earlier work of Guan and Wang [|23l . 

Beside Theorem II .7 [ another key ingredient in our proof of the Bocher-type theorems 
is a classification of all C° positive radially symmetric viscosity solutions © in {a < \x\ < 
b} := {x G W | a < \x\ < b}, where < a < b < oo. 

Theorem 1.8 Assume that T satisfies ©, © and (TTTT) . For < a < b < °°, let u £ C°({a < 
|x| < &}) oe radially symmetric and positive. Then u is a solution of © in {a < |x| < o} 
m viscosity sense if and only if 

( C\ \x\- Cl with C\ > 0, < C 2 < n - 2 ifn+ = 1, 

\ (C 3 +C 4 ) M r - 1 with C 3 > 0,C 4 > 0,C 3 +C 4 > if jufir ^ 1. 

An immediate consequence of Theorem 12.21 and [|33l Theorem 1.18] is: 

Corollary 1.9 Assume that T satisfies ©, ©, (QT) anJ /ijt > 1. Tjf m G Cj° 0( !(5i \ {0}) w 
a positive viscosity solution of © in B\ \ {0} an d if u is locally bounded near the origin, 
then u is constant. 

Note that in the above, u is not assumed to be a priori radial. 

Last but not least, we have the following asymptotics for isolated singularities of ® 
when (fTTT) is not assumed. 
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Theorem 1.10 Assume that T satisfies © and ©. Let u G C loc (Bi \ {0}) be a positive 
viscosity solution of © in B\ \ {0}. Then 

lim \x\ n ~ 2 u(x) = a G \0,°°). 

The rest of the paper is organized as follows. We start with a study of radially symmetric 
solutions and super-solutions of © in Section|2] The key result of this section is a Theorem 
I2.2L which is more general than Theorem 11.81 Also in this section, we exhibit certain 
monotonicity properties which are used later on. In Section [3l we prove Theorem 11.71 
Proofs of the Bocher-type theorems are presented in SectionHl 

2 Radially symmetric solutions and supersolutions 

For a smooth radially symmetric function u, X (A") will take the form (V, v, . . . , v) for some 
V and v. Thus, in studying radially symmetric solutions of ® , it is important to see which 
vectors of the above forms lie on dT. By homogeneity, it suffices to see which of 

(A b l,...,l), (1,0,. ..,0), (A b -1,...,-1) 

belong to dT. In this respect, the constant /ijt defined in (PTOl) and the condition (fTTI) come 
naturally into our discussion. Recall that /ijt is well-defined thanks to © and ©. If (fTT|) 
is satisfied, i.e. (1,0, ... ,0) G dr, no vector of the form (Ai, — 1, . . . , — 1) belongs to f . 
Conversely, if (fTTI) fails, i.e. 

(l,0,...,0)^<9r, (17) 
then there is a unique (A,— 1,...,— 1) on dT. We thus define 

H r = +oo if ([TTJ holds, 

jUfT G [n — 1 , oo) is the number such that (/i r , — 1, — 1) G dr if (18) 
(fTTI) does not hold. 

The following lemma, whose proof can be found in Appendix |Bj gives some basic 
properties of /j,p . 

Lemma 2.1 Assume that T satisfies © and ©. Then 

(a) jUjt and /i r are monotone in T. 

(b) /ijt =n—\ (or = n—l) if and only ifT = T[. 

(c) /ijt = if and only ifT = T n , 
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(d) /ijt and /i r satisfy 



„x n-1 I ^"T 1 if\£>n-2, 

/i r I oo otherwise. 

(e) if (HB fco/ds ?/zen < /Xjt < n - 2. 

Theorem [L8] is a special case of the following result. 

Theorem 2.2 Assume that T satisfies ©, © anJ < a < b < °°. Then every radially 
symmetric positive viscosity solution wo/® in {a < \x\ < b} is one of the following smooth 
solutions: 

(a) u(x) = C\ \x\~ Cl with C\ > 0, < C2 < n — 2 when ji^ = 1, 

n-2 

(b) u(x) = (C 3 |x|-^r +1 +C 4 )^r 7T with C 3 > 0, C 4 > 0, C 3 +C 4 > when ju+ ^ 1, 

n-2 

(cj u(x) = (C 5 |jc|-^r +1 -Q)^- 1 with C 5 > 0, C 6 > 0, limC 5 r~' i r+ 1 -Q > 
Mr < °°> 



>2 



(JJ u(x) = (-C7 Ixl + 1 + Cg) M r - 1 wirt C 7 > 0, C 8 > 0, - lim C 7 + 1 + C 8 > w/zen 
Mr <°°- 

Remark 2.3 Assume that T satisfies ©, ©, (fTTI) . and < b < 00. #y above theorem, 
the only positive radially symmetric C 2 solutions of © in the ball {\x\ < b} are constants. 
If one has in addition that /ijt > 1, then the only bounded positive radially symmetric C 
solutions of ® in the punctured ball {0 < \x\ < b} are constants. 

We first give the 
Proof of Theorem 122] for classical solutions. Let r = \x\ and 

n — 2 in r. n 1 , , 

A = u^A u = -uV 2 u^ Vu®Vu |Vw| 2 /. 

2 n — 2 n — 2 

Since u is radially symmetric, the eigenvalues of A" are 

• V := —uu" + (u 1 ) 2 , which is simple, 

• and v := —juu' — ( M ') 2 ' which has multiplicity n— 1. 
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Thus, by CBS) and (fT8l) . for each r G (a,&), 



either v(r) =0, 

orv(r) > and V(r) +/ipv(r) =0, 

or v(r) < 0,/i r < °° and V(r) v(r) = 0. 



Case 1 : There holds 



v = --uu 1 l — lu'f = — uu' [ln(r"- 2 «)]' = in (a,b). (19) 

Solutions to (fT9l) are u = Q or w = Co r 2 ~". In particular, V = and hence A 11 = in (a, b) . 

Case 2: v is positive somewhere in (a, £). Let (c, J) be a maximal open subinterval of (a, 
on which v is positive. Then, in the interval (c,d), 



v>0, 

y + A i+v = - Ma // -^ aM / + ^p( a / ) 2 = 



If jUjt = 1, we put u = e w and obtain w" + \ W = 0, which gives w = ci + C2 lnr. It 
follows that 

a = Ci r~ C2 in (c, J) for some Ci > (21) 
If /ijt 7^ 1 , we introduce 

n-2 



The second line of (l20l) becomes w" + — w' = 0, which implies w = C^r^r +1 + C4 and 



n-2 



M = (C 3 r^r+l + c 4 ) M r- 1 in (c,J). (22) 

We next show that (c, d) = (a,b). Arguing by contradiction, assume for example that 
c 7^ a. By the maximality of (c, J), we must have 

v(c) = — M (cW(c) — (i/(c)) 2 = 0. (23) 

c n — 2 

Since v 7^ in (c,rf), we have C2 7^ if jUp = 1 and C3 7^ if /ijt 7^ 1 . From the explicit 
form of u, it can be seen that u'(c) 7^ 0. Thus this implies 

u '( c ) = - r !—lu(c). (24) 
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If /ijt = 1, this implies that C2 = n — 2 in (|2~TT) and so v is identically zero in (c, J), contra- 
dicting the first line of (|20l) . If /ijt ^ 1, this implies that C4 = in (|22~I) . and again results a 
contradiction. We have thus shown that (c, d) = (a,b). 

A calculation shows, in view of (ED and (|22~1) . that A" is similar to diag(— /ijt v,v, . .. ,v) 
where 

C?(c 2 -^)r- 2C - 2 if Mr + = l, 

2(«-l-Mjt) , 

(n-2)C 3 C 4 M h-2 r^r- 1 ifju+^1. 
The restrictions of Ci, C2, C3 and C4 in (a) and (b) follow. 

Case 3: v is negative somewhere in (a, b). Let (c, J) be a maximal open subinterval of (a, fe) 
on which v is negative. Then /i r < °o and, in the interval (c, J), 

v<0, 

V + Mr v = -m u" - !£ u u' + '^^f- {u'f = 0. 
Arguing as in Case 2, we arrive at 



u = (C 5 r-^+ l +C 6 )> 1 r- 1 in (a,b). 
It follows that A" is similar to diag(— /x r v, v, . . . , v) where 

v= (n-2)C 5 C 6 u n-i r-fr- 1 

The remaining part of the theorem follows easily from the above. □ 
Here are consequences of what we have just proved: 

Corollary 2.4 Assume that T satisfies ©, © and (fTTT) . For any < a <b <°°, a > and 
/3 > 0, there exists a positive radially symmetric function u in C 2 ({a < \x\ < b}) flC°({a < 
\x\ < b}) satisfying 

A (A") e dT in {a < \x\ < b}, 
if any only if 

OL h 

0<ln- < (ra-2)ln-. (26) 

Moreover, the solution is unique. 

Corollary 2.5 Assume that T satisfies ©, © and (TT71) . For any < a < b < °° a > 

and /3 > 0, there exists a unique positive radially symmetric function solution u E C 2 ({a < 
\x\ < b}) nC°({a < \x\ < b}) to 
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y 



a 



b 



x 



Figure 1: For (l25l i to have a solution when (fTTT i holds, a must satisfy j8 < a < j8. No such 
restriction is need when (fTTT) does not hold. 



It is clear that the proof of Theorem 12.21 for classical solutions can be adapted to give 
a complete classification for radially symmetric classical solutions of o^(A u ) = (without 
any ellipticity assumption). In this case, the solutions take the form 



where the only restriction on the constants Q G R is such that u > in the relevant interval. 
We omit the details. 

In the proof of Theorem 12. 2 l in the general case, we will use of the following comparison 
principle which is a consequence of a result in [32] on the first variation of the operator A". 

Lemma 2.6 Let Q. cl" be a bounded open set, T satisfy © and ©, ube a positive func- 
tion in USC(Q) (LSC(Q) ), v be a positive function in C 2 (Q) nLSC(Q) (C 2 (Q) H USC(Q.) ) 
such that X (A 11 ) G W 1 \ T (X (A 11 ) G T) in Q. in the viscosity sense, and X (A v ) eCl(X (A v ) G 
M. n \ T) in Q.. Assume that u <v (u >v) on dQ.. Then u < v (u > v) in Q.. In particular, if 
X(A U ) G dr in £1 in the viscosity sense, X(A V ) G dT in Q. and u = v on dQ., then u = v in 




Proof. To prove the first part, let 



1 



n-2 
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By Il3~2l Lemma 3.7], for some small 8 > and for all i, 



A(A V; ) G Tina. (27) 

It follows from the assumptions on u and v that inf^ v > 0, sup^ u < °° and «<von 
<9Q. Let /3, be the smallest number such that /3 ; v ; > u on A. If lim sup ; ^ OT /3 ; - < 1, then, 
since v ; — >■ v uniformly on Cl, v > u in Cl as desired. Otherwise, along a subsequence, 
j8( — > j8 > 1. We have )3,- v,-(jc,-) = w(jq) for some G Since v>won <9f2 and v; — >• v on 
£2, we know that ;t ( - G £2. It follows, taking /3,- v, as a test function, A (A$ V/ (jc,-) ) G M n \ T, i.e. 
A. (A Vi (jc,) G K w \ r, violating (1271) . This completes the proof of the first part of Lemma [2761 
The proof of the second part is the same. □ 

The following estimate for viscosity super-solutions of © can be viewed as a general- 
ization of (|26l . 

Lemma 2.7 Assume that T satisfies ©, © and ([TT]) . For < a < b < °° let u G L5C({a < 
|jc| < #}) be positive, radially symmetric and satisfy A (A") G T m {a < \x\ < b} in the 
viscosity sense. Then u is non-increasing and |jc| n « is non-decreasing in \x\, i.e. for 
a < c < d < b, 

u(c) , \ d 
0<ln-hv< («-2)ln-. (28) 
u(d) c 

In particular, u is locally Lipschitz in {a < \x\ < b}. 
Proof. Let 

In u(c) — \nu(d) 

m := . 

hid — lnc 

We first show the second half of the estimate: m < n — 2. Assume otherwise that 
m = (n — 2) + £ for some e > 0. Define for ji > 1, 

c n - 2 r-e(lnr-lnc)^] 
= W = u(c) ^ exp [ {lnd _ lnc) ^ \ ■ 

It is easy to see that <^(c) = u{c) and ^(d) = u(d). Note that A^ has two eigenvalues Ai 
of multiplicity one and A2 has multiplicity (n— 1). A direct computation using the explicit 
formula for £,„ shows that 

^2 = --^^ ^(^) 2 <0in (a,b). 

r r n— 1 r 

In view of CU), this implies A (A^) Gl"\f. 
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Now, u is a super- solution while ^ is a sub-solution of © and both have the same 
boundary values. By Lemma [2T6l u > Sending ji — > °° results in 



U > U(c) ^2 in ( C ' rf )' 



which contradicts the assumption that m> n — 2. 

The first half of the conclusion that m > can be shown similarly. Assume otherwise 
that this was wrong. Then the function 



lju = u(d) exp 



m{\nd — \nr)^ ~ 
(lnd-lnc)M-i 



is a sub-solution of © which has the same boundary values as u. Thus, by Lemma [2T6l 
u > ^ in (c, J) which leads to a contradiction when we send /i — > °°. □ 

We are now in a position to give the 

Proof of Theorem l2.2l It suffices to show that u is a classical solution. For any a < c < d < 
b there exists a smooth positive radially symmetric solution u of © such that u(c) = u(c) 
and u(d) = u(d): This is a consequence of Lemma |2.7l and Corollary |2.4| in case (fTTT) holds, 
or of Lemma |2.5| in case (fTTT ) holds. By Lemma [2761 w = u in (c,J). Since u is smooth, so 
is u. The conclusion follows. □ 

As mentioned in the introduction, the strong maximum principle fails for solutions of 
© when (fTTT) holds. The next result recovers a strong maximum principle statement in the 
radially symmetric setting. 

Lemma 2.8 Assume that T satisfies © and (0]). For < a < b < °° let u G C°({a < \x\ < 
b}) and u G LSC({a < \x\ < b}) be positive, radially symmetric and satisfy respectively 
X{A U ) G dT and A (A") G T in {a < \x\ < b} in the viscosity sense. Assume that u < u in 
{a < \x\ < b}. Then 

either u <u in {a < \x\ < b} or u = u in {a < \x\ < b}. 

Proof. Suppose the contrary, then for some c,d G (a,b), u(c) < u(c) and u(d) = u(d). We 
may assume that c < d; the other case can be proved similarly. According to Theorem l2.2[ 
u is smooth (and takes some specific form). 
We first observe that 

u = u in {d < \x\ < b}. 

The reason is that if u(r) < ii(r) for some d < f < b, we can apply Lemma [2761 on {c < 
\x\ < r} to obtain, for small e > 0, (1 + e)u < u in {c < \x\ < ?}, violating u(d) = ii{d). 
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Fix a d G (d,b) and let a = \[u(c) +u(c)). If (fTTT) holds, an application of Lemma l2.7l 
to both u and i< gives 

, u(c) , oc , w(c) , d 
0<ln^<ln — _<ln^< n-2 In-, 
w(aj w(aj c 



and hence, by Corollary 12.41 there exists a unique smooth radially symmetric solution v of 
© in {c < \x\ < d} satisfying v(c) = a and v(d) = u(d) = u(d). If (fT71) holds, the existence 
of v is assured by Lemma I231 By Lemma [2^61 v < u on {c < |x| < <J}. On the other, since 
u{c) < v(c) and w(<i) = v(J), we have, in view of the explicit form of radial solutions given 
by Theorem 12.21 u < v in {c < \x\ < J}. Thus, < v(J) < u{d), a contradiction. □ 

A consequence is the following comparison type result, which will be used later. 

Corollary 2.9 Assume that T satisfies © and ©. For < a < b < °° let u G C°({a < 
1*1 < ^ L5C({a < |jc| < b}) be positive, radially symmetric and satisfy respectively 

X{A U ) G dT and A (A") G T in {a < |x| < b} in the viscosity sense. Assume that u\^g < 
u\d Bh andu\j Bd > u\g Bd for some a < d < b, then 

u <u in {a < \x\ < d}. 

Proof. Assume the contrary that u(c) < u(c) for some c G (c,d). According to Theorem 
12.21 u is a smooth function. An application of Lemma 12 .61 yields 

ii>u on Bb\B c . 

In particular, u(d) > u(d). We also know from the assumption that u(d) < u(d). So we 
have u(d) = u(d). By Lemma [2T8l we obtain u = u on B h \B c , violating u(c) < u(c). □ 

Lemma 2.10 Assume that T satisfies ©, © and (fTTT) . For < a < b < °°, let u G LSC({a < 
\x\ < b}) be a positive, radially symmetric solution of X(A U ) G T in the viscosity sense in 
{a < \x\ < b}. Then, for any a < Rq < b, the function 



In u(r)— In wfflo) 
IuRq— Inr 
-i Mr -i 

u(r) n-l — u n-2 (iJ ) 



"o 



i/"^ = 1, 

if/i+ ^ 1 



is non-decreasing in r for r G (a,Ro). 



Proof. Fix a < R2 < Ri < Rq. Using estimate ((281) in Lemma [2771 and Corollary 12.41 we can 
find uniquely two smooth radial functions v,- G C°°(Br \ {0}), i = 1,2 such that 

A(A v <')Gdrinfltf \{0}, 

v;(i?o)=w(#o),v^) = • 
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By Corollary 12.91 u(R2) < v\(R2). It then follows from the explicit formula for vi and v 2 
in Theorem 12 .21 that 

v 2 < vi in5fl \{0}. 

To proceed, consider first the case where jUjt ^ 1. By Theorem 12.21 there exist non- 
negative constants /i ; and v ; such that 



n-2 



v i (r)=( Ati r^r + +l + V; ^ 
As v\{Rq) = v 2 {Rq) = u(R Q ), we have 



v i = u(R )^=r-n i R Mr + . 



We thus have 

Vi(r) 

Recalling v 2 < v\ we thus get 



^r-^-R Q ^ +l )+u(R )^ 



< Ml • 



On the other hand, as v; (/?,•) = u(Ri), we have jU ; = ^ Ro (Ri) and so x ¥ Ro (R 2 ) < *¥r (Ri). 

Let's turn to the case where /ijt = 1. The argument is similar. By Theorem 12.21 there 
exist constants /!,- G [0, n — 2] and v ; - such that 

lnv ; (r) = -/i ; lnr+ V/. 

As before, this leads 

lnvi(r) = ^(J?,) (m/? -lnr) + lnw(/? ). 
Recalling V2 < vi, we have ^,,(^2) < ^0(^1), which finishes the proof. □ 



3 Key gradient estimates 

In this section, we prove Theorem II .71 a local gradient estimate for locally Lipschitz vis- 
cosity solutions of ©. 

For a locally Lipschitz function v in B\, < a < l,x£B\ and < 8 < 1 — |x|, define 

\v(y)-v(x)\ 



Ma,sM= sup 

0<y-x<S 1/ x l 
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Note that [v] a §(x) is continuous and non-decreasing in 8. Thus we can define 

<5(v,jc, a) = 



oo if(l-H)«[ V ] a>1 _ W (x)<l, 

H where < /l < 1 — |x| and jl a [v] a ,n(x) = 1 



if(l-W)«[v] ajl _ w (x)>l. 

The above function 8(v,x, a) was introduced in ll33l . Its inverse 8(v,x, a) -1 plays a similar 
role to | Vv(jc) | in performing a rescaling argument for a sequence of functions blowing up 
in C a -norms. 

We start the proof in a special case. 

Lemma 3.1 Let u be as in Theorem U .71 There exists C = C(n) such that 



|Vlnw| <C(n) 



Proof. For x e B { /2 , < A < 7? := \ 



SU Pg 3 /4 M 

inf», ,, w 



3/4' 



SU PB 3 /4 M 
infn. , . u 



'3/4 



l 

n-2 



1 

n-2 



a.e. in B i j 2 



A 



n-2 



\y-x 



I n-2 



A 2 (y-*; 



and |y| = 3/4, we have 
< (4i?)" _2 supw = inf w < 



*3/4 



'3/4 



Also, we know that u x x satisfies A (A UxX ) eBi\B^ (x) in the viscosity sense. Since u x x = u 
on dBx(x), we can apply [33, Proposition 1.14] to obtain 



u Xi x <um 5 3/4 \ B x (x) for all < A < R, \x\ < 1 /2. 
By [|34l Lemma 2], (|29|) implies the gradient estimate 



(29) 



iVlnwl < 



7? 



a.e. m.Bi/2- 



□ 



This concludes the proof. 
We now give the 

Proof of Theorem 11.71 We follow the proof of Theorem 1.10 in [1331 . Since the equation 
A (A") e dr is invariant under scaling, it suffices to consider e = 15/16. We first claim that 

|lnw(x) — lnw(y)| 



sup 



\ x -y\ 



< C(r, a) for any < a < 1 . 



(30) 



17 



Assume otherwise that (|301 ) fails. Then, for some < a < 1, we can find a sequence of 
positive C ' 1 functions Uj in B\ such that A (A" ! ) G <9r there but 

|lnw/(X) -lna ; (y)| 
This implies that, for any fixed < r < 3/4, 



sup [lnK,-] 0>r (*) ->-°°, 

which consequently implies 



inf 8(\niii : x, a) — > 0. 



It follows that for some x\ G #3/4, 



3/4— Ijc/I 1 3/4 -W 

> X SU P TTi \ ~~ °°- 



5(ln«,-,x,-,a) 2 ie g 3/4 5(kiH ; ,x,a) 

Let cr, = 3|/4 2 and £ ; = 5 (In , a). Then 

— — > °°, £j — > 0, and £; < 45(lni//,z, a) for any \z — Xi\ < C7j. (31) 
£/ 

We now define 

n(y) = —r^Ui(xi + £iy) for |y| < A 

Then 

M aj i(0) = ef [lnufla^Cjc,-) = 1. (32) 
Also, by (f3Tb . for any fixed /3 > 1 and \y\ < j8, there holds 

[lnv ; ] a j(y) = ef [lnw ! -] a)£ ,.(x/ + £ ! -y) 

< 4-° {3 sup ef [ln M! -] a)£ . /4 (z) + ef [ln M ;] aj£ . /4 (xi + 57) ) 

k |z-(x ; + e/ >-)l<e/ J 

<3 sup d(\nu i ,z,a) a [hiUi\ a;8 Q nu .^(z) 

\z-(xi+£iy)\<£i 

+ 8(\nui,Xi + £jy, a) a [mw;] a)5(lnM . )X . +£ . y)a) (x; + £ t y) 
= 4 (33) 

for all sufficiently large i. Since v,(0) = 1 by definition, we deduce from (|32l) and (|33l that 
1 < Vi(y) < C(j8) for | y| < /3 and all sufficiently large i. (34) 
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Thanks to (|34l) . we can apply Lemma I3TT1 to obtain 

| Vlnv;| < C(j3) in Bp / 2 for all sufficiently large i. (35) 

Passing to a subsequence and recalling (13TI) and (|34l) . we see that Vj converges in C°' a ' 
(a < a' < 1) on compact subsets of W to some positive, locally Lipschitz function v* 
which satisfies X(A V *) G dr in the viscosity sense. By the Liouville-type theorem ll33l 
Theorem 1.4], 

= v*(0) = limvj(O) = 1. 

This contradicts (132] ), in view of (133] ) and the convergence of v,- to v*. We have proved (13~0i 
From (1301) . we can find some universal constant C > 1 such that 

"(0) 

<u<Cu(Q) infli/ 8 . 

Applying Lemma I3TT1 again we obtain the required gradient estimate in #i/i6- D 



4 Bocher-type theorems 

In this section we prove the Bocher-type theorems stated in the introduction. We start in 
Subsection 14. II by proving the regularity assertion across isolated singularities with mild 
growth in our Bocher-type theorems. Subsection 14. 1 I contains the proof of Theorem II .101 
Theorems II .41 II .51 and II .61 are proved in the next three subsections. In Subsection 14.61 we 
consider a case where (fTTT ) does not hold. Subsection 14. 1 1 and Subsections I4.2ll4~6l can be 
read independently. 

4.1 Isolated singularities with mild growth 

We will need the following removable singularity result for super-solutions of ©. 

Lemma 4.1 Let Y satisfy © and ©, u G LSC(B\ \ {0}) be a positive solution ofX (A u ) G f 
in B\ \ {0} in the viscosity sense. Then u, with w(0) = liminfc-^o u(x), is a positive function 
in LSC(B\) satisfying X(A U ) G T in B\ in the viscosity sense. 

Proof. It is easy to see that u, with w(0) = liminf^owM* is in LSC(B\). We know from 
X(A U ) G r and ((U) that Au < in B\ \ {0} in the viscosity sense. Since {0} has zero 
Newtonian capacity, Au < in B i in the viscosity sense. Consequently, 

inf u > min u > 0. 

B 1/2 \{0} dB l/2 
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In particular, w(0) > 0. 

We have shown that u is a positive function in LSC(B\) and satisfies Au < in B\ in 
the viscosity sense. It follows that u is lower-conical at {0} (as defined in (61) : For any 
r\ G C°°(2?i/ 2 ) and for any e > 0, 



inf 



xeB 



1/2 



(k + ?7)(jc)- (w + ?7)(0)-e|jc| 



<0. 



The proof of [6., Theorem 1.1] gives that A (A") ET mB\ in the viscosity sense. 



□ 



Proposition 4.2 Assume that T satisfies ©, ©, an J < /ijt < 1. Le? u G LSC(B\ \ {0}) n 
L^ c (5i \ {0}) Z?e a positive function satisfying A (A") G T in B\ \ {0} in the viscosity sense 
and 

liminf \x\ n ~ 2 u(x) = 0. 
\x\->0 

Then, the function u with w(0) = liminf| x |^ K(x) is in 

C ioc Mr ( 5 0- Moreover, 



l M_;r:5_ llc ^(B / ) ^ C(r) maxw - ^ - . 



Proof. By Lemma |4~T1 A (A") G T in the viscosity sense. Let v(x) = v(\x\) = min^ B| | u. 

Then A(A V ) G T in 5i in the viscosity sense, hence v is super-harmonic. It follows that 
v is non-increasing. Also, by the hypothesis, \im'mf r ^o r n ~ 2 v(r) = 0, hence there exists 
< r\ < 3/4 such that 

r\- 2 v(n) < (3/4)"- 2 v(3/4). (36) 
Thus, since v{r\) > v(3/4), there exists C\ > and C2 > such that the function 

n-2 

v(r) = (d Ijcp^r+i+Q)^ 

satisfies v(n) = v(n) and v(3/4) = v(3/4). By Theorem^ A(A V ') G dr in B 1 \ {0}. By 
Corollary 12.91 we have v < v in (0, n). In particular, v is bounded at the origin and 

u(0) = liminf u = liminf v(r) < °°. 

\x\->0 r^0 

By Lemma |4~T1 A (A") G T in the viscosity sense. By the super-harmonicity of u, 

c := inf u = min u > 0. 

B3/4 <?B 3 / 4 
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For* G B-yn, consider 



11 X Mr^-l 



4ft 

where £> > satisfies 



n-2 



^-(x^c^ 1 = M (x). (37) 

We will show that 

it>&infl 3/4 . (38) 

It is easy to see that 

^x{x) < ^^2.\x - x\ n < c for all* G <35 3 / 4 . 

Also, by (|37l) . for any < £ < 1, there exists < 8 < | such that 

umB s (x). (39) 

Since A(A( 1-e )&) G dT in B 3 / 4 \ {*} according to Theorem |272] and (1 - s)^ < h on 
d(B 3 / 4 \Bg(x)), we can apply Lemma [2T6l to obtain 

(l-e)§E<«in B 3/4 \B§(x). 

Thus, in view of (|39l) . 



(l-e)& < a U1B3/4. 

Sending £ -> 0, we obtain (1381) . 
Set 

We deduce from (|38l) . in view of d37l) . that 



\x— x\ 



w(x) — w(x) < - — ^ maxw for allx,x G #1/2- 

4M r -i <?B 3/4 



Switching the role of x and x we obtain 

|jc-xh^r+ 1 

|w(jc) — w(x)\ < - maxw for all*,* G #1/2, 

4Mr _1 <9b 3/4 

which proves the result. □ 
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Proposition 4.3 Assume that T satisfies ©, ©, and 1 < /ijt < n — 1. Le? w G Cj° 0( ! (5i \ {0}) 
be a positive viscosity solution to © in B\ \ {0} satisfying 

liminf \x\ n ~ 2 u(x) = 0. 
|*|->o 

cc 

Then, for all < a < 1, the function u with u(0) = liminf^i^QM^) 15 in C^ c (B\). More- 
over, 

IMIc°,«(b 1/2 ) <C(r,a) infw. 

Proof. Let m be the extended function. We first prove that 

maxw = supw, 0<r<l. (40) 

3B r Br 

By Theorem |2]2l the function, with < £ < 1 and < r < 1, 

n-2 



Ve,rW 



e|jc| ^r +1 +sup^ Br M »-2 M r 1 if J u+>l, 
sup^ g( .wr e |x|~ e if jUp = 1, 



satisfies X{A V£ r ) G dT in B r \ {0}, v e/ >Kon <95 r . Clearly, there exists <5 ; ->■ 0+ such that 

min[v ei ,- — m] —7- 00 as ?' —7- 00. 

Here we have used /ijt > 1. An application of Lemma l2.6l on B r \B§. gives 

u < v e , r in B r \B 8j . 

Sending i — > 00 and then £ — > 0, we obtain (l40l) . 

Since w is a positive super-harmonic function in Bi \ {0} and the Newtonian capacity 
of {0} is zero, we have 

minM = infw. (41) 

dB r Br 



For < |x| < Z, applying Theorem [L7l to u(x+^--) leads to 



C(D 

|Vln M (x)| < for all x G 5 7/8 \ {0}. (42) 



A" 



In particular, 



1 



max a/ , 3/4 M 
min 5S3/4 u 



1 



> C(r) -1 > 0. (43) 
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For < X < \x\ < R and \y\ = §, we have, in view of (I4"0l) . 



4' 

X n - 2 ( X 2 (y-x) 



|y — x| n 2 V |y — -c| 2 
< (2#)"~ 2 supw = (2i?)"~ 2 maxM < min h < u(y). 

B3/4 <? S 3/4 <?B 3/4 

Since u X) % = u on <95^ ( x ) an d A (A"*.* ) £ dT in 5 3 / 4 \ 5^ (•*) » we can a PPly me comparison 
principle [33, Proposition 1.14] to obtain 



«x,A < u in 5 3/4 \ (fl A (jc) U {0}) for all < A < \x\ < R. 
By Lemma lATl we have 

C{ n ) r 

ImaxlnM-minlnwl < — ^— for all < r <R/2. (44) 
We deduce from (|40]> . (|4l) and (@4j» that 

C(n)r 

sup I lnw — lnw(0)| < max In u — min In u < for all < r < R/2. (45) 

B r dB r dB r R 

From (1431 ) and (1421 . we can use interpolation to show that lnw £ C°'3 {B R / 2 ). 

To obtain better regularity, we refine our usage of Lemma IA.1 l and the super-harmonicity 
of u. Fix a £ (0, 1), jco £ .Br/8 and let ro = |xq|. By Lemma [ATI we have 

C(yi\ 

\nu{x) — lnw(jco) < — |x — xo| for any x £ B r() / 2 (^o) \B rQ (0). (46) 
Also by the same lemma, 

lnu(x) — ln«(x) < — — [jc — Jcj for any x,x £ dB ro (0). (47) 

It remains to bound \nu(x) — lnw(;co) from below forx £ 5 rQ/ / 2 (^o) \^r (0). 
Let yo = j^T and define 

v(y) = -[\nu(x + %) -In «(*>)] fory £ B x (0) \B 2 (-2y ). 
r Q 2 

As u is super-harmonic, so is v. In addition, by (1431 ) and (|47l ), 

|v(y) I < |y| for any y £ ^(0) \B 2 (-2y ), (48) 
v(y)-v(y) < ^M|y-y| foranyy,y£<9 J B 2 (-2y )n J B 1 (0). (49) 
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Define w as the harmonic function in 5i(0) \I$2(— 2yo) such that w = v on d(B\(0) \ 
B2(-2yo)). Then (|48l) . (l49b and elliptic regularity imply that 

ii n /-/n n n n ~\ C(n,a) 

ll^llc^CSi^W^C-^yo)) ^ C7 Ul v llc°-i(^2(-2vo)n J B 1 (o)) + l|v||z J ~( J B 2 (_2>. )n J B 1 (0))J < — ^ — • 

Thus, by the maximum principle, 

v(y) - v(0) > w(y) -w(0) > for any y e fl 1/2 (0) \B 2 {-2y ) 

Recalling back we obtain that 

C(n a) 

lnu(x) - \nu(xo) > ^ \x - xq \ a for any x G B ro / 2 (xq) \ B IQ (0) . (50) 

From (|46l and (|50T ), we get 

| In w (jc) — lnw(xo)| < — ^ — |x — *o| a f° r an Y * £ #r /2 (•*()) \#r (0). 
This implies that 

C(n a) 

\u(x) - u(y)\ < ^ \x-y\ a for any x G B R / S (0) andy G fl| x |/ 4 (x). (51) 

(Here xq could be either jc or y, whoever that has smaller norm.) 
To complete the proof, we show that 

C(n a) 

| \nu(x) - inu(y) | < \x-y\ a for any x,y G B R/8 (0) \ {0}. (52) 

The assertion is readily seen from (l42l . (|43l l and (l52l . To prove (|5TT) . we may assume 
without loss of generality that |x| > \y\. lf\x—y\ < \x\/4, (|52|) follows from (I5TT). Otherwise, 
\x—y\ > \x\/4 and so by (1451) . 

|ln«(jc) -ln«(y)| < |lnw(x) -ln«(0)| + |ln«(y) -ln«(0)| < \x\ < \x-y\, 

R R 

which also implies (|52l . □ 
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4.2 Leading term at an isolated singularity 

Proof of Theorem [TT0l Define 

v(r) = minw. 

dB r 

Then v is positive and super-harmonic in Bi \ {0}. Since {0} has zero Newtonian capacity, 
v is super-harmonic in Si. In particular, v is non-increasing. 

We claim that linv->o ^ v(r) exists and is finite. Fix some < pi < 1 and for < 
p < Pi, let w p be the radially symmetric function which is harmonic in Bi \ {0} such that 
w p (p) =v(p) + l and w p (pi) =v(pi). In fact, w p {r) = a\ iP r 2 ~ n + a 2;P where 

v(p) + l-v(pi) 2 -n 

«l 1 p = ^ 1 f: 2^ >0 and a 2 . p = v(pi) -ai jP pf n . 

P -Pi 

Note that Wp(r) > v(r) for all < r < p. (Because if < v(s) for some s < p, the 
maximum principle implies that Wp(r) < v(r) for 5 < r < pi, which implies in particular 
that Wp(p) < v(p) contradicting our choice of w p (p).) It follows that 

lim sup r"~ 2 v(r) < limsupr" -2 w p (r) = a\ )P for all 0< p < pi. 

In particular, limsup,.^o r " 2 v ( r ) i s finite- Also, we obtain from the above that 
lim sup r"~ 2 v(r) < liminfai p = liminfr"~ 2 v(r), 



which proves the claim. We thus have 



a := liminf Ixl" u(x) = limr" v(r) < °°. 

be|->0 r->0 



We next claim that 

,m-2 



A := limsup |x| n w(x) is finite. 

|jc|->0 

To prove the claim, let, for < r < 1/4, 

u r {y) = u(ry), - < \y\ < 2. 

Then v r satisfies X(A Ur ) E dT in {1/2 < \y\ < 2}. Thus, by TheoremO 

max u r <C min u r 

where C depends only on n. Equivalently, 

maxw < C minw. 

dB r dB r 
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It follows that A <Ca<oo. 

Next, we show that A = a. Assume by contradiction that A > a. Then, for some e > 0, 
we can find a sequence Xj — > such that 



Xj\ n ~ 2 u(xj) >a + 2e. (53) 



Furthermore, we can assume that 

\n—2 _ |. .in— 2 

X J 

Define 



\x 



■j\ n - 2 minw = |jc/r~ 2 v(|x/|) <a + £. (54) 



./ 

Then, by ([53]) and (1541 



A(A"/)earin^.\{0}, 

minti < a + £ and maxw , > a + 2e. 

dBi J dBi 



(55) 



Since min^ Bl uj is bounded, we can apply Theorem ll.7l to obtain the boundedness of Uj and 
\Vuj\ on every compact subset of W \ {0}. By the Ascoli-Arzela theorem, uj, after passing 
to a subsequence, converges uniformly on compact subset of W \ {0} to some locally 
Lipschitz function u*. Furthermore, by (1551 . u* satisfies © in W l \ {0} in the viscosity 
sense. By |f33l Theorem 1.18], u* is radially symmetric about the origin, i.e. u*{y) = 
u *(\y\)- This results in a contradiction as the second line in (1551 and the convergence of uj 
to w* imply that 

maxM* >a + 2£>a + £> minw*. 

dBi dBi 

We conclude that A = a and thereby finish the proof. □ 

When /ijt = 1, the leading term for a singular solution of © might not be |x|~("~ 2 ); see 
Theorem 12 .21 A more precise picture is given by the following lemma. 

Lemma 4.4 Assume that T satisfies ©, ©, (HD and jUp = 1. Let u G C^ 1 (#i \ {0}) be a 
positive viscosity solution of ® in B\ \ {0}. 77zen ?/zere exists < a < n — 2 such that 

hxu(x) 
lim - , , = -a. 
M->0 In x 



Proof. Let 



v(x) = v(|jc|) = minw. (56) 
5s,,., 
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Then v G C°(2?i \ {0}) and satisfies A (A v ) G T in the viscosity in B x \ {0}. By LemmalOOl 
the function 

lnv(r)-lnv(l/2) 
| lnr| 

is non-decreasing for r G (0, 1/2). This implies in particular that 

. lnw(jc) lnv(r) . 

a := liminf - — — - = lim exists and is in 0,°°). 

\x\-*o | In |jc| | r^o \mr\ 

Here we have used the fact that u > min^ gi/2 u > 0, a consequence of the super-harmonicity 
of u in 5i \ {0}. Also, by Lemma [2771 (or Theorem [LlPl ae[0,n-2]. 
Next, by Theorem II .7 [ 

C 

|Vln«(x)| < -j— | in5i \{0}, and so osclnw < CforO < \x\ < 1. 

\X\ dB\ x \ 

It follows that 

lnu(x) lnvfx) C 
' < ±-f- + ■ 



|ln|x|| | In 1jc[ I |ln|x|| 
The conclusion easily follows. □ 



4.3 Proof of Theorem D 

We start by showing that 

minw < w < maxw in B r \ {0} V0<r<l. 

dB r dB r 

Fix < r < 1 . We first consider the case where a > 0. For < £ < a, set 

n-2 



(57) 







(a + e; 










\x\ 



t 1 +maxw 
Mr +1 +minvv 



Mr- 



Then, by Theorem O we have X{A v *s) G <9r and A(A V ^) G <9r in 5 r \ {0}, and v e ,. < 
u < Vg r on dB r . Furthermore, by Theorem II .101 there exists 8 = S(e,r) > such that 



Thus, by Lemma [276l 



v e, r < u < v tr in5 5 \{0}. 

v- r <u<v+ r in5 r \{0}. 
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Sending £ — > we obtain (1571) . 

Next, consider the case where a = 0. The argument above establishes the first part of 

(n-2)k 

(1571) . The second part follows from the super-harmonicity of u = w »- 2k . 

We turn to the proof of the dichotomy (fT3T)- (fT4T ). Assume that (fl4l) does not hold. Then 
by (HU) 

minw = inf w(x) — 0. 

dB r B r \{0} 

We thus have Au < = A(a|jc|-("~ 2 )) in B x \ {0}, u > a |jc|"('^ 2 ) in B x \ {0} and the set 
{x G B\ \ {0} : u(x) = a \x\~( n ~ 2 ^} is non-empty. The strong maximum principle for the 
Laplacian implies that u = a \x\~( n ~ 2 ^ in B\ \ {0}. The last assertion follows from Proposi- 
tion 031 □ 



Corollary 4.5 Assume that T satisfies ©, ©, (fTTI) and jly > 1. Let Q. be an open subset 
ofW containing uj =l B\ pi _ p2 \(pi) for two distinct points p\ and p2- Assume thatu E C°(£i) 
is a positive solution of © in the viscosity sense in Q. \ {p\,P2\ and 



lim \x — pi\ n u(x)=ai>0. 
\x-pi\-t0 



Then, for any r < \p\— pi\, 



/ n+-l M r -i \ 
inf u(x)-^r -a^ IjcI - ^ -1 > 0. 

Br(pi)\{pi}\ J 

Proof. Assume otherwise that, for some < r < \pi—pi\, 

u(x)^=r- -a^hr^- 1 = 0. 

J 

By (Q3]) in Theorem [H 

u(x) =ai \x - pi\-( n - 2) in5| pi _ K |(/?i). 

This implies that 

a2= lim \x — p2\ n ~ 2 u(x) = 0, 
\x-p 2 \^0 

a contradiction. □ 
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4.4 Proof of Theorem [L5 

By Lemma S31 

lnu(x) r „ „, 

km ! — ^4 = a E [0,n-2 }. 
|x|->0 |ki|x|| 

To proceed, consider krst the case a = « — 2. The function v given by (l56l) satiskes 
A(A V ) G f in the viscosity sense in B\ \ {0}. By Lemma |2.1Q[ the function 

lnv(r) — lnv(.s') 
Ins — lnr 

is non-decreasing in r for r G (0, s) . It follows that 

lnv(r) — lnv(s) lnv(r) — lnv(^) 

— — : — — > km — — - — — = a = n-2. 
ins — lnr r^o ms — lnr 

On the other hand, by estimate (|28l ) in Lemma 12771 

lnv(r) — lnv(s) 

— — <n-2. 

Ins — lnr 

Combining the last two estimate we immediately get 

C 

v(r) = 2 for some positive constant C. 

In particular, v is harmonic in B\ \ {0}. As u is super-harmonic in 5i \ {0}, u > v in 
5i \ {0} and u touches v in the interior, the strong maximum principle implies that u = v. 
This establishes the result for a = n — 2. 

Next, consider (fT5l) for < a < n - 2. For < e < min(a, n - 2 - a), let 

v erW =ex P — (oc + e) lnlxl +maxw 
L <?s r ■ 

v7 r (x)=exp — (a — e) In Ixl +minM> 
L <9s r . 

As in the proof of Theorem 11.41 an application of Lemma 12.61 gives v^ t . < u < v^ r in 
B r \ {0}, which implies (fT5T) . 

Finally, consider a = 0. The argument above shows the krst part of (TT3T > . The second 
part of (fl~5T) follows from the super-harmonicity of u = e w . The remaining assertion on the 
regularity of w follows from Proposition 14.3 1 □ 
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4.5 Proof of Theorem 



1.6 



The function v denned by §B belongs to LSC(Bi \ {0})nl^ oc (B 1 \ {0}) and satisfies 
A(A V ) G r in Bi \ {0} in the viscosity sense. We claim that 

C 

either v(x) = ——j for some C > or sup v < °°. (58) 

m n Bi\W 



Indeed, if the first alternative in (1581) does not hold, we can find < r\ < r 2 < 1 such that 

v{r 2 )r n 2 - 2 



v{n) ± 



rT 2 



Using (|28l) in Lemma [2771 we thus have 



v(r 2 )A~ 2 
v(r 2 )<v(r 1 )<-^ = |-. 

As in the proof of Proposition 03] (see the argument following (|36l) ). this implies that v is 
bounded near the origin. This proves (|58l i. 

If the first alternative in (1581) holds, we have u > v in B\ \ {0}, Au < = Av in B\ \ {0} 
and the set {x E B\ \ {0} : u = v} is non-empty. By the strong maximum principle for the 
Laplacian, u = v and the conclusion follows. If the second alternative in (|58l) holds, the 
conclusion follows from Proposition 14.21 □ 



4.6 An analogue of Theorem 11.61 when (1111) fails 

In contrast to Theorem 11.61 when (fTTI) does not hold, there are unbounded solutions in a 
punctured ball of © which are not of the form rS=i - See the remark below Theorem II .61 
In any event, we have: 

Theorem 4.6 Assume that T satisfies ©, ©, CF7]) and < jUft < 1. Let u e LSC(B\ \ 
{0}) flL^ c (5i \ {0}) l?e a positive viscosity solution of X{A U ) G T m 5i \ {0}. Then u G 

q°oc^ r+ OBi\{o}w 

lim \x\ n 2 u(x)=ae [0,+°°). 
In addition, ifa = then u G ^ r (Bi) and (fT6l) holds. 
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Proof. Extend u by w(0) = liminfy_>.o "(•*)• By Proposition 14. 1[ A (A") G T in B\ in the 

viscosity sense. Also, by Proposition I4.2L u G C^ 1 ^ r (5i \ {0}). 

As before, the proof evolves around function v defined by (l56l) . which belongs to C(5i \ 
{0}) and satisfies X(A V ) G T in i?i in the viscosity sense. By super-harmonicity, v is non- 
increasing. 

Case 1: There exists < r\ < r% < 1 such that 



v(n) < 



v(r 2 )rr 2 
rT 2 



l 

The proof of Proposition 14.21 (see the argument following (l36l) ) shows that v is bounded at 

the origin, u G C lo ' c _Pr (5i) and CU) holds. 
Case 2 For all < r\ < r 2 < 1, 

v(n) > -^=f-. (59) 

In other words, r"~ 2 v is non-increasing. 
We claim that 

a := liminf |x|" _2 m(x) = lim inf r n ~ 2 v(r) is finite. (60) 

|x|->0 |jc|->0 

Indeed, by (l59l) , we can choose C5 > and Cg > such that the function 

v(r) = (C 5 r-^ +1 -C 6 )^ 

satisfies v(l/2) = v(l/2) and v(2/3) = v(2/3). By Theorem^ v satisfies A(A v7 ) G dr in 
5 2 /3 \ {0}- By Corollary 12 .91 we have v(r) < v(r) for < r < 1/2, which proves the claim. 
Recalling (|59l) , we see that 

v(r) < forallO<r< 1. (61) 

Since v is positive, a is non-zero. 
Next, we prove that 

r it=l _ -4-1 i^ 2 - 

w(x) > a "-2 |jc| — maxw 

L 5s 3/4 J 



(62) 



M r -1 M r -1 

where w(x) = u(x) »- 2 —a «- 2 |jc|~^r +1 . For sufficiently small £ > , define 

r m f -i - 1 "~ 2 

v £/ (jc) = (a-e)~^ r \x\ ^r+i-maxvv 
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Clearly, v e>r <uon dB r and, by (loTI) . for some 5 ; — > 0, v £ , r <uon dB§.. Also, by Theorem 
O A(A V£r ) G dr in 5 r \ {0}. Hence, by Lemma[IZl v e>r <uin B r \B 5j . Sending <5 ; 
and then £ — > 0, we obtain (|62l . 

Note that the argument leading to (1381 ) is applicable in the present situation and leads to 



u(x) 



_M dBr u 



ITT 



> 



\x—x\ 



— JU + + 1 



+ 



u(x) 



for all x G 5 r \ {0} , x G 5 Ar \ {0} , < A < 1 , < r < 1 . In particular, this implies that the 

function w := u~^~ extends to a C° 1_ ^r function in B\ (with w(0) = in view of (|60l) ). 
For 7 > 1, define 

= ;' 1_Mr w(*J f° r \A < h 

The Holder continuity of w implies that the Wj is bounded in C 0,1 ~^r (5^) for any fixed 
R > 0. Thus, up to a subsequence, w 7 - converges uniformly to some G ^ r (R n ). 



Furthermore, if we define w c 
By d6B and ([62]), 



«-2 



then A (A "°°) GTin: 



"f- 1 1_u+ , . 
maxvfoo = r ^ and minw 

dB r dB r 



ar 2 ) for allO < r < oo. 



In particular, Woo(x) > a |jc| 2 **. As is super-harmonic and Uoo{x) = a \x\ ( n 2 ) for some 

x, the strong maximum principle implies that Uoo(x) = a \x\~( n ~ 2 ^ and w aa (x) = a «- 2 |jc| 1_ ^r . 
Recalling the convergence of Wj to w K , we see that 

a = lim bc| n w(x), 



which finishes the proof. 



□ 



A A calculus lemma 



For a continuous function w, let w y x denote the Kelvin transformation of w about the sphere 
dB x (y),i.e. 

^ n ~ 2 ( k 2 (x-y)\ . . 
w y,X \ x ) — ] i^2 w [ y ~l — i \T~ I wherever the expression make sense. 



\x-y 



\ x ~y\ 
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In yH Lemma 2], we show, as an extension of 11301 Lemma A. 2], that if w is a positive 
continuous function in B\ (0) and 

W < w(x) for an y 5 A W C (0) and xGfii (0) \ fl A (y) , 
then lnw is locally Lipschitz in B\ (0) and 

n — 2 

|Vlnw(x)| < - — j-r a.e. in2?i(0). 

We present a generalization which is needed in the body of the paper. 

Lemma A.l Assume that w is a positive continuous function in B\ (0) \ {0} and 

w, a (x) < w(x) for any B x (y) C B\ (0) \ {0} andxEB l (0) \ (B x (y) U {0}) , 

then lnw is locally Lipschitz in B\(0)\ {0}. Furthermore, for all x G 5 1/2(0) \ {0} and all 
y G 61/2(0) \ 2*1*1/2(0), there holds 

1 \2 1 i2 

|x| — |y| 



2 



lnw(y) — lnw(x) < C(n) max ^|y — x| 
2n particular, 

sup lnw— inf lnw < C(n)Rfor any < R < 1/2. 

dB R dB R 

Proof. By Oil Lemma 2], lnw is locally Lipschitz in 2?i (0) \ {0} and 

|Vlnw(x)| < ^ a.e. infl 1/2 (0) \ {0}. 

Thus it suffices to consider* G 2?i/ 16 (0) \ {0} and all y G 2?!/ 16 (0) \B\ x y 2 (0)- Let 

y _JC , 1 , 1 
and f = |y — x| < 



|y-x| " '-8' 

Consider first the case |y| > |x|, i.e. 2x- e + t > . Then, for z\ = x+ \e and X\ 



\{\-t) l l 2 , we have 



,9 1 ' 1 1 r i9 



and thus 



n-2 



wW > w Zl>Al (x) = (4A0'- 2 w(y) = (1 -40~w(y). 
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It follows that 

n — 2 

lnw(y) - lnw(x) < — ln( 1—4/) < C(n) f . 



Next, assume that \y\ > \x\. Let 





X 


2 


\x 


2 


(2x-e + t) 


x\ 


2 _ 


-\y\ 2 



Ifs> \, then 



4 

t > -t > 0. 



,2 1 ' 1 1 ,2 , 

Al= T6-4^T6 + 2 J - e + W =|Z1 " 



and so we continue to have lnw(y) — \nw(x) < C(n)t as desired. If s < \, we consider 
Z2= x + se and A2 = yjs(s — t). We have 



l 2 

This leads to 



X 2 = s 2 — st = s 2 + 2sx ■ e + \x\ 2 = \z2\ 2 - 



xr 2 . * (s-t)^/ 2 



w(x) > w Z2M (x) = —^w{y) = w(y) 



and so 

n — 2 



lnw(y) -lnw(jc) < In (l - -) < C(n)~. 

The assertion follows. □ 



B Proof of Lemma ED and more on fd^ and jix r 



Associated with a T satisfying © and ©, we have introduced /if g [0,« — 1] and /i r G 
[n — 1 , oo] in (TTOl ) and (fT8b respectively. In this appendix we provide more properties of T 
in connection with /if and /if and prove Lemma |2TI 

It is convenient to extend the definition of /ip for cones T satisfying © and r C T\ 
(instead of the stronger condition ©): 



/x+ = sup{f : (-f,l,l,...,l) Gr}, 
/if = inf|t :(*,-!, -!,...,-!) Gr|. 



In the definition of /if , if the set of such ? is empty, the corresponding infimum is taken to 
be +oo. Evidently, /if G [« — 1 , °°] and /if < n — 1. 

We claim that /if > — 1. To see this, pick an arbitrary A = (Ai, . . . , A M ) G T and con- 
sider the set of all permutations of A. This is a subset of T and so its center of mass 



34 



(Ai±^±k . . . 5 belongs to r. Since Ai + . . . + X n > 0, this implies that (1, . . . , 1) G 

r. As r is open, we can thus find some £ = £(T) > such that (1 — £, 1, . . . , 1) G T, which 
implies /ijt > — (1 — e), as claimed. 
Define 

^+( i u) = jr: T satisfying ©,rcri and juft = G (-l,/i-l], 

= |r: r satisfying Q.rcTi and /if =ju},jU G [n-l,oo], 

and 

Lr ± ( J u) = n^f/i), and E/T^/i) = U^/i). 

In what to follow, we show that Lr ± (/i) and t/r ± (/i) belong to ( tf ± (lJ.) and give an explicit 
description for these cones. More specifically, we have 

Proposition B.l There hold 

^(n-l) = {ri},Lr ± (n-l) = [/r ± (n-l)=ri, (63) 

r 1 n ^ 
LT + (ju) = j A : A,- £ X i < °^ or aH * f ' _1 < M < "~ X > ( 64) 

V J. jLX y j J 

UT + (n) = h:Xi+ j £ Xj > Ofor alli\,-l<n<n-l, (65) 

^ fT J. jt/ j j J 

r 1 " i 
ZT-(u) = \ A : Aj + ? r Y Xj > Ofor all i \,n- 1 < a < +°°, (66) 

t/r~(/i) = | A : Xj-- — ^ — -^Xj < Ofor allien - 1 < \x < +°°, (67) 
t/r^ (/x) = U jr : r satisfying and (@J| and /ift = ju|,0 < /X < n- 1. (68) 

Proof. We will only prove the statements about c tf + (n- 1), ZT + (ju) and LT + (/i). The 
ones about ^^{n — 1), LT~(ix) and UT~{\i) can be proved analogously. Let 5 be the set 
consisting of (— jU, 1, . . . , 1) and its permutations, and conv(S) the open convex hull of S. 
For convenience we denote S = {vi,V2, v„} with vi = (— jU, 1, . . . , 1). 

Assume that \x = n — 1. If T G ^ + (/i), then conv(S) C T. On the other hand, since 
/! 7^—1, {vi — v„, V2 — v„, . . . ,v n _i — v„} is linearly independent. Also, as jl = n — 1, 5 C 
dF\. Note that is the center of mass of S and hence is in conv(S). Thus conv(S), and 
therefore T, contains a neighborhood of the origin relative to the plane <9ri . By homothety 
r D <9ri, which implies that T = Ti. We have shown that c io + (n — 1) = -{Ti}, and so 
Lr+(n-l) = LT+(n-l)=ri. 
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Assume that /i < n — 1. Observe that LT + (ji) is the cone consisting of points of the 
form tX for some t > and some A £ conv(S). This is because the latter cone is a member 
of Consider a face, say F, of Lr + (ju). F is a plane going through the origin and 

n — 1 other points in 5. Clearly, there is a unique z such that the i-th coordinate of those 
« — 1 points is 1 . It follows that the equation of F is 

1 n 

whence (1641) . 

We turn to (165b . Let A denote the cone on the right hand side of (165b . It is easy to 
check that A £ ^ and hence A C £/r + (/i). Arguing by contradiction, assume that 
UT + (fi) \A 7^ 0. Then we can find a cone T £ and a vector A £ T such that 

Ai + . . . + An =n— \ — 1± and A; + /l < for some i. By symmetry, we can assume that 
i = 1, i.e. Ai < — jU. Note that this implies jc := A2 + . . . + A„ > n— 1. Now, by convexity, 
(Ai , ^y, . . . , n 4r) £ T, which implies that 

(n-l)A! 



(^,i,...,.)er. 



It follows that jUjt > (" > /i, contradicting the definition of d65]) is proved. 

Finally, @g) follows from © as t/r 4 " (ju) D T„ for /x > 0. □ 

Proof of Lemma 1231 (a) is clear, (b) follows from < tf ± (n — 1) = {Ti}. (c) follows from 
(HJ) and UT + (0) — T n . (e) is a consequence of (d). 

For (d), note first that (— /ijt, 1, . .. ,1) £ T C f/r _ ( i u r ), which implies that 

i-— i 7— rr(-Mr + + (»-!))< o. 



Likewise, (/if ,-!,...,-!) £ T c t/r+^f) and 



so 



-1+ f „ + (Mr -("-!)) >0- 
n — 1 — /if 

(d) follows. □ 

Note that the cone £/r + (/i) was used in Li and Li 11291 . Gursky and Viaclovsky [|24| 
and Trudinger and Wang [|45ll46l . A family of cones connecting Ti and T was used in 11291 : 

r f = |A : tX + (l-t)oi(X)eer}, < f < 1, 
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where e = (1, !,...,!). The so-called 0— convex cone 




was used in [|24ll45l|46]|. It is clear that 




( 



(n-l)0 
1 + 



) 



for all 6 > 0. 
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